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Elastic  and  Inelastic  Collision  Cross  Sections  in  Hydrogen 
and  Deuterium  from  Transport  Coefficients* 


A.  G.  Engelhardt  and  A.  V.  Phelps 
Westinghouse  Research  Laboratories,  Pittsburgh,  Pennsylvania 


ABSTRACT 

By  means  of  a  numerical  solution  of  the  Boltzmann  equation, 
elastic  and  inelastic  collision  cross  sections  have  been  derived  for 
electrons  in  ^ and '^^sub jected  to  a  dc  electric  field.  The  cross 
sections  for  momentum  transfer,  rotational  excitation,  vibrational- 
excitation,  electronic  excitation,  and  ionization  are  investigated  by 


comparing  experimental  and  theoretical  values  of  transportation 

coefficients.  The  same  moraentm  transfer  cross  section  previously 

H  *  V 

obtained  for  Hk  By  Frost  and  Phelps  has  been  found  to  be  valid  for 

D-y'  M 

■  Good  agreement  is  secured  between  experiment  and  theory  by  mul- 
tiplying  the  theoretical  rotational  cross  sections  of  Gerjuoy  and  Stein 
by  approximately  1.5  provided  the  polarization  factor  of  Dalgarno  and 
Moffet  is  used,  -^he  final  croas^  section  for  vibrational\excitatlon  of 
Ho  has  a  thresholo^^  eV  and  a^j^k  of  7.7  X  lO'^'^cm^  a^^"5  eV, 
wherb^s  that  of  has  a  threshold  at  O.jsu,  eV  and  a  peak  of  ^'.6  x  10'^'^cm‘ 
at  4.7  eVs.  The  derived  electronic  excitation  cross  sections  are  the  same 
for  both  Hg  and  D^.'  The  ionization  cross  section  was  taken  from  the 


*  This  research  was  supported  in  part  by  the  Advanced  Research  Projects 
Agency  through  the  Office  of  Naval  Research. 
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experimental  results  of  Tate  and  Smith.  Calculated  transport  coefficients 
for  electrons  subjected  to  crossed  electric  and  magnetic  fields,  and  hi^ 
frequency  ac  electric  fields  are  in  agreement  with  recent  experimental  and 
theoretical  results. 
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I.  imODUCTION 

Elastic  and  inelastic  collisions  of  low  energy  electrons  with 

molecular  gases  have  been  the  subject  of  considerable  theoretical  and 

12  3 

experimental  investigation  ’  '  in  recent  years,  In  this  paper  we  extend 

4 

the  cross  section  determinations  of  Frost  and  Phelps  to  higher  energies 
in  Hg,  and  to  D^.  We  include  the  processes  of  elastic  scattering,  and 
rotational,  vibrational,  and  electronic  excitation  as  well  as  ionization. 
Stated  somewhat  differently  we  shall  take  into  account  both  elastic  and 
inelastic  collisions  involving  electrons  with  energies  up  to  100  eV, 

Our  method  of  calculation  is  essentially  the  same  as  that  of 
Frost  and  Phelps  (hereafter  called  l),  We  solve  numerically  the  Boltzmann 
transport  equation  for  the  distribution  function,  f,  of  electron  energies 
taking  into  consideration  both  elastic  and  inelastic  collisions,  In  the 
case  of  only  a  dc  electric  field  present  the  three  transport  coefficients^ 
of  principal  interest  are  the  diffusion  coefficient  D,  the  mobility  ji, 
and  the  Townsend  primary  ionization  coefficient  These  coefficients  are 

found  by  taking  the  appropriate  average  over  f.  Cross  sections  are  determined 
by  successive  adjustments  to  initial  estimates  until  theoretical  and  experi¬ 
mental  values  of  the  transport  coefficients  are  brought  into  good  agreement. 

The  results  are  by  no  means  unique,  but  they  certainly  do  represent  a 
consistent  and  realistic  set  of  elastic  and  inelastic  collision  cross  sections. 

It  is  possible  to  consider  sepai'ately  three  distinct  regions  of 
electron  energy.  In  our  calculation  the  electron  energy  is  characterized  by 
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an  experimentally  measurable  quantity,  the  characteristic  energy 


^  where 


£ 


K 


(1) 


and  e  is  the  electronic  charge. 

In  the  first  region  (A),£.j^  ranges  from  its  thermal  value  to  that 
where  vibrational  excitation  first  must  be  taken  into  consideration.  In 
this  region  we  assume  for  the  same  cross  section  for  momentum  transfer 
collisions  as  previously  found  in  I.  The  thresholds  and  shapes  of  the  cross 

sections  for  rotational  excitation  are  based  on  the  theories  of  Gerjuoy  and 

6  7 

stein  (GS)°  as  modified  by  Dalgarno  and  Moffet  (DM)  ,  In  particular,  we  have 

investigated  the  question  of  whether  including  the  polarization  correction 
Improves  the  agreement  between  theory  and  experiment.  It  is  to  be  expected 
that  this  correction,  which  arises  from  the  polarization  of  the  molecule 
and  Increases  the  rotational  cross  section,  would  reduce  the  discrepancy 
between  theory  and  experiment  discussed  in  I.  There  it  was  concluded  that 
although  the  shapes  and  thresholds  of  the  GS  rotational  cross  sections  appeared 
to  be  correct,  the  amplitude  had  to  be  multiplied  by  a  factor  of  1.7.  Further¬ 
more,  we  have  performed  calculations  for  electrons  in  in  this  energy  range 
using  the  same  cross  sections  for  elastic  scattering  and  the  same  theory  for 
rotational  excitation,  as  for  H^.  In  the  case  of  rotational  excitation  ap¬ 
propriate  allowance  is  made  for  the  different  atomic  mass  and  statistical 
weights  of  and  D^. 

In  the  second  region  (b),€'j^  varies  from  the  energy  where  vibrational 
excitation  first  assumes  importance  to  that  where  dissociation  first  begins  to 
become  of  significance.  Using  previously  derived  cross  sections  for  elastic 


-5- 


scattering'"  and  rotational  excitation  we  are  able  to  derive  for  both 
and  the  rising  part  of  the  cross  section  for  vibrational  excitation. 
Specifically  this  cross  section  is  determined  by  a  comparison  of  calculated 
and  experimental  transport  coefficients  involving  and  D. 


In  the  third  and  highest  energy  regime  (c),  elastic  scattering 
and  vibration,  electronic  excitation,  and  ionization  are  considered.  For 
both  and  the  high  energy  portion  of  the  momentum  transfer  and  ionization 
cross  sections  are  taken  from  the  results  of  Erode®,  and  Tate  and  Smith^, 
respectively.  By  a  comparison  of  calculated  and  experimental  values  of  a^, 
we  have  been  able  to  determine  the  cross  sections  for  electronic  excitation 
and  to  some  extent  the  falling  part  of  the  vibrational  cross  section.  This 
analysis  is  based  on  the  postulate  that  the  electronic  excitation  cross 
sections  are  the  same  for  both  and  D^.  n.e  analysis  in  this  energy  range 
is  similar  in  many  respects  to  those  of  Lunt  and  Meek,  Corrigan  and  von  Engel^^ 
and  Heylen  and  Lewis^^^  Our  approach  differs  from  that  used  by  these  authors 
in  that  we  choose  to  ignore  the  experimental  values  of  6^^  for£j^>  1  eV  and 
base  our  analysis  on  the  other  measured  transport  coefficients.  As  a  result 


we  obtain  reasonable  cross  sections  for  elastic  and  Inelastic  scattering  using 

electron  distribution  functions  which  are  more  realistic  than  the  Maxwellian 
distribution. 


AS  a  fl„l  check  on  cur  results  .e  have  ccputed  transport  coefficients 
for  electrons  In  and  subjected  to  crossed  electric  and  oagnetlc  fields, 
and  ac  electric  fields.  A  cchparlson  of  these  coefficients  vlth  recent  exp«l 

«.ntal^3  theoretical  findings  lends  additional  support  to  accuracy  of  <nir 
derived  cross  sections. 
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II.  BOLTaiANN  EQUATION  AND  UIANSPCBT  IHTECaiALS 
In  this  section  we  present  the  equations  pertinent  to  this 
analysis  and  discuss  our  method  of  solution.  Since  our  technique  differs 
very  little  from  that  used  in  I,  we  shall  refrain  from  any  derivations, 
but  shall  emphasize  the  salient  points. 

The  basis  of  our  treatment  is  the  Boltzmann  equation  for  the 
distribution  function  of  electrons  in  a  parent  neutral  gas.  We  write  it 
in  the  form 

^  [j€  +  €  j)  f(£  +  e^)  NQj  (€  +  €j)  -  Cf^e)  NQj(6)1  + 

J  ** 

T  -  £  j)  f(€  -  6j)  NQ_J  (€-  6j)  -  £f(6)  NQ_J  (6)J  =  0  (2) 

J 

In  this  equation  6  is  the  electron  energy  ^  (where  v  is  the  electron 

speed),  N  the  neutral  molecule  density,  Q^  the  cross  section  for  momentum 
transfer  collisions,  m  and  M  are  the  electron  and  molecule  masses  respectively, 
and  f  is  normalized  by 

re  .  I. 

^o 

The  energy-dependent  effective  electric  field  Eg  has  been  shown  by  Allis^  to 
be  given  by  the  relation 


(3) 
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W 


where  E  Is  the  dc  electric  field.  In  the  case  of  mutually  perpendicular  or 
"crossed"  dc  electric  and  magnetic  fields 


Jl  = 


(5) 


where  B  is  the  magnetic  field  and  is  the  electron  cyclotron  frequency. 

For  the  situation  of  a  high-frequency  ac  electric  field  of  radian  frequency  u, 

il  =  w.  In  addition,  in  Eq.  (2)  Q  is  the  cross  section  for  electron  energy 

J 

loss  in  excitation  of  the  level,  Q  j  the  cross  section  for  electron  energy 
gain  in  the  de-excitation  of  the  level,  and6j  is  the  energy  loss  associated 
with  the  level. 

This  particular  form  of  the  Boltzmann  equation  is  an  extension  dis- 

IT 

cussed  in  I  of  the  earlier  results  of  Holstein  and  Margenau  to  include 
inelastic  collisions  of  the  second  kind,  i.e.,  the  last  term  in  Eq.  (2).  It 
is  worth  noting  from  Eq.  (4)  that  in  the  limit  of  extremely  small  magnetic 
fields  EgoG  E,  whereas  in  the  limit  of  extremely  large  magnetic  fields, 

Eg^  E/B. 

We  can  associate  with  each  term  in  the  Boltzmann  equation  the  gain 
or  loss  of  energy  due  to  one  of  the  processes  being  considered.  The  first 
term  represents  the  effect  of  energy  input  to  the  electrons  from  the  field, 
the  second  term  energy  loss  and  gain  (in  that  order)  in  elastic  collisions, 
the  third  term  energy  loss  in  inelastic  collisions  of  the  first  kind  and  the 
fourth  term  represents  energy  gain  in  inelastic  collisions  of  the  second 
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kind  .  Near  thermal  equilibrium  when  the  mean  electron  energy  is  close  to 
that  of  the  gas  and  the  distribution  function  is  Maxwellian,  the  energy  lost 
in  elastic  collisions  is  balanced  by  the  energy  gained  in  elastic  collisions. 

A  similar  situation  must  occur  also  for  inelastic  collisions,  viz.,  Q  and 

1  Q  <5 

Q_j  are  related  by  detailed  balancing  . 

Two  techniques  are  employed  for  solving  the  Boltzmann  equation 
corresponding  to  two  regions  ofg^^.  In  region  A  as  defined  in  Sec.  I,  ^ 
is  of  the  order  of  its  thermal  equilibrium  value,  kT,  and  inelastic  energy 
gained  by  the  electrons  cannot  be  neglected,  i.e.,  collisions  of  the  second 
kind  are  Important.  In  this  case  at  a  given  energy  the  distribution  function 
has  contributions  frcm  electrons  which  have  lost  and  gained  energy  by  inelastic 
processes.  Therefore,  in  order  to  solve  the  Boltzmann  equation  we  write  it  in 
finite  difference  form  obtaining  a  set  of  linear  algebraic  equations  for  f, 
which  is  then  solved  by  standard  techniques^. 

In  regions  B  and  C,€  ^  is  large  enough  so  that  the  results  are 
independent  of  the  gas  temperature.  Under  these  conditions  a  temperature  is 
chosen  such  that  collisions  of  the  second  kind  are  neglected.  The  Boltzmann 
equation  can  then  be  solved  by  backward  prolongation^'  viz.,  by  assuming 
that  for  sufficiently  high  energy,  f  is  given  primarily  by  the  elastic  terms, 
one  then  proceeds  to  prolong  this  high  energy  solution  backwards  in  energy 
taking  into  account  both  elastic  and  inelastic  collisions. 

The  determination  of  cross  sections  arises  from  a  comparison  of 
experimental  and  theoretical  values  of  various  combinations  of  transport 
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coefficients  all  of  which  we  normalise  to  the  neutral  particle  density. 
The  diffusion  coefficient  D  is  given  by 


DN 


mi  if 

Ve) 


(6) 


The  two  mobilities  of  interest  and  obtained  from  the  expressions 


If  JZ.  =  ^1  “  ^  and  Wj^  =  w^,  the  mobility  and  drift  velocity  respectively 

transverse  to  the  magnetic  field,  but  parallel  to  the  electric  field.  Also, 
in  this  case,  =  nj^and  ^^2  “  mobility  and  drift  velocity  respectively 

perpendicular  to  both  electric  and  magnetic  fields;  D  is  then  the  diffusion 
coefficient  parallel  to  the  magnetic  field.  From  Eq.  (8)  it  can  be  shown 
that  in  the  limit  of  high  magnetic  fields  E/B.  If  =  0,  we  can  write 
=  w  =0,  and  ^  =  w/E  where  ^  and  w  are  the  mobility  and  drift  velocity 
in  the  absence  of  a  magnetic  field. 

If  Eq.  (2)  is  multiplied  by  (2/m)^^^£d£  and  integrated  over  all 

li 

energies  the  energy  balance  equation  is  obtained  in  the  form  , 
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This  equation  states  that  the  power  input  to  the  electrons  from  the  field, 
e  E  is  balanced  by  the  power  dissipated  by  the  electrons  in  elastic  and 
inelastic  collisions,  viz. ,  the  first  and  second  integrals  respectively  on 
the  right  hand  side.  Consequently,  once  the  Boltzmann  equation  has  been 
solved  we  can  determine  the  power  input  to  each  of  the  elastic  and  inelastic 


processes  and  obtain  simultaneously  a  check  on  the  self-consistency  of  the 
computation.  Such  a  check  was  made  for  each  solution  of  Eq.  (2)  for  f  and 
solutions  were  considered  acceptable  only  when  the  two  sides  of  Eq.  (9)  were 
equal  to  within  one  part  in  10^  of  e  E  w^^. 

We  define  a  frequency  coefficient  for  the^^  inelastic  process 
from  Eq.  (9)  as:  ^ 

'  v^/n  =  (2/m)^/^  f(e)  (e)  d^,  (lo) 

Thus,  for  example,  in  the  case  of  ionization  the  ionization  frequency  is 
determined  by  an  evaluation  of  the  power  input  by  the  electrons  to  the  ioniza¬ 
tion  process.  For  only  a  dc  electric  field  present,  the  comparison  between 
theory  and  experiment  is  made  in  terms  of  a  coefficient  for  the J th 
inelastic  process  given  by 

=  (l/w)^/N.  (10a) 

In  regions  A  and  B  our  procedure  in  evaluating  elastic  and  inelastic 
collision  cross  sections  is  to  define  an  effective  elastic  collision  frequency 
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and  an  energy  exchange  collision  frequency  by  the  relations, 

V  /n  =  -  ^  and  (11) 


m' 


V  /N  = 

ii/"  £  _  • 


(12) 


The  quantity  is  sensitive  primarily  to  changes  in  the  elastic  cross 

k 

section  ,  and  is  affected  only  mildly  by  changes  in  the  inelastic  cross 

sections  used.  From  Eq.  (l2)  is  defined  as  the  power  input/electron  due 

to  the  electric  field  divided  by  the  excess  of  electron  energy  over  its 

thermal  equilibrium  value,  i.e.,^j^  -  kT,  and  is  most  sensitive  to  changes 

k 

in  the  inelastic  collision  cross  sections  .  In  this  manner  we  are  able  to 

separate  to  a  large  degree  the  effects  of  elastic  and  inelastic  collisions. 

Our  procedure  then  is  to  plot  experimental  and  theoretical  values  of  v  and 

m 

versus  6  and  to  make  the  appropriate  adjustments  in  the  elastic  and 
inelastic  cross  sections  until  a  satisfactory  fit  is  obtained. 

On  the  other  hand  for  lack  of  adequate  experimental  data  in  region 
C,  the  highest  energy  region,  we  have  derived  cross  sections  applicable  to 
this  region  on  the  basis  of  agreement  between  experimental  and  calculated 
values  of  Q!^  only.  As  a  result,  we  obtain  inelastic  collision  cross  sections 
in  this  region  which  are  somewhat  dependent  on  the  assumed  momentum  transfer 


cross  section. 


III.  DETERMINATION  OP  CROSS  SECTIONS 
As  stated  in  the  introduction,  our  procedure  for  determining 


cross 


sections  can  be  subdivided  into  three  separate  techniques  corresponding  to 
three  regions  viz.,  regions  A,  B,  and  C  as  discussed  in  the  introduction. 

This  subdivision  is  facilitated  by  the  fact  that  the  cross  sections  derived 
for  a  given  region  are  reasonably  independent  of  those  for  the  neighboring 
region. 

Region  A.  Rotational  Excitation  and  Elastic  Scattering  ^O.OS  eV) 

The  cross  sections  we  use  for  rotational  excitation  are  derived 
from  the  theory  of  Gerjuoy  and  Stein  who  considered  the  problem  of  the 
rotational  excitation  of  a  homonuclear  molecule  by  low  energy  electronsj  the 
interaction  mechanism  was  taken  to  be  the  long  range  quadrupole  interaction. 

For  both  and  D^  the  cross  section  ftj  j  electron  energy  loss  in 

rotatlonally  exciting  a  molecule  from  the  J—  to  the  (j  +  2)—  level  is 

^J,  J  +  2  =  J  +  2  (-V^^  •  (13) 

20 

The  factor  (Pj/Pp)  exp  (-Ej/kT)  represents  the  fraction  of  the  molecules  in 
the  J—  rotational  level  where 

Pj  =  (2t  +  l)(t  +  a)(2J  +  1), 

20 

t  is  the  nuclear  spin  (l/2  for  and  1  for  D^),  and 


(14) 
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In  Eq.  (13),  Ej  is  the  J—  energy  level  of  the  rotating  molecule  given  by' 


E,  -  J(J  ♦!)  B„  , 


(16) 
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where  is  the  rotational  constant  (.00754  eV  for  Hg  and  .00377  eV  for  D^), 


=  X  P.T  exp  (-EJkT), 


(17) 


and 


,  .(£)  (J  +  2^(J  +  1)  rr-  r 

^  -  rij  +  3)!^  + 1)  ^  ^  — e — 


V'r  r  .(£)  _  J(J  - 
^  -  (2J  -  1)(2J 


where  7^  =  Stt  ^2 


Fl 


(4j 

(4J  -  2)B, 


L/2 


(18) 

(19) 

(20) 


^  is  the  electric  qua(irupole  moment  in  units  of  ea  and  a  is  the  Bohr  radius. 

0^0 

Equa  t  ion  (18)  gives  the  cross  section  for  an  electron  energy  loss^^  of 

€j  =  (^+6)B^.  (21) 

This  cross  section  increases  rapidly  near  the  threshold  energy  5 and  for 
large  energies  asymptotically  approaches  a  constant  value  as  shown  in  Fig.  1 
for  Hg.  On  the  other  hand  Eq,  (19)  gives  the  cross  section  for  an  electron 
energy  gain  of 


€.  J  =  (4J  -  2)B^.  (22) 

These  rotational  cross  sections  are  substantially  greater  than  those  previously 
2'i  2^ 

estimated  by  Morse  and  Carson 

7  2 

Dalgarno  and  Moffet'  give  .473  ea^  as  the  effective  value  of  the 

quadrupole  manent  for  to  be  used  in  Eq.  (20).  This  value  is  based  on  the 

24 

measurements  of  Harrick  and  Ramsey  with  allowance  for  nuclear  motion.  Al- 

4 

though  Frost  and  Phelps  were  able  to  substantiate  both  the  shape  and  threshold 
values  of  the  GS  rotational  cross  section,  they  had  to  use  an  effective  quadru- 
pole  moment  of  0.62  ea^  .  This  discrepancy  could  not  be  explained.  Furthermore 
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EM  find  that  the  GS  rotational  cross  sections  should  be  multiplied  by  a 
factor  fp(6)  due  to  the  polarization  of  the  molecule.  This  factor  which  is 
greater  than  unity  for  and  D  is  given  by  the  expression, 


f„(€)  -  1  + 


('>«  -  e  j 


(2e-ej),  where 


ir(a|,  -  Oj) 


In  Eq.  (22)  O,  II  and  O, ^  are  the  parallel  and  perpendicular  polarization  constants, 
and  R  is  the  Rydberg  constant.  It  is  the  purpose  of  this  section  to  determine 
to  what  extent  the  polarization  correction  obviates  the  discrepancy  found  in  I. 

In  addition  we  are  able  to  verify  the  momentum  transfer  cross  section  applica¬ 
ble  to  region  A. 

Shown  in  Figs.  1  and  2  for  both  Hg  and  are  the  cross  sections  for 

elastic  scattering  and  for  rotational  excitation.  We  have  used  the  same  for 

H2  and  D2.  In  the  case  of  rotational  excitation  at  77°K,  we  show  only  two 

cross  sections  for  Inelastic  collisions  of  the  first  kind,  viz.,  ®nd 

The  values  of  Q-  j  for  excitation  to  higher  states  and  those  of  Q_  _ 

^  ^  J,  J  -  2 

for  collisions  of  the  second  kind  are  considerably  smaller  in  magnitude  and 
are  not  shown.  For  example,  for  [^20/^0^  “  lO'^j  on  the  other  hand, 

since  the  rotational  constant  for  D  is  half  as  large  as  that  for  H 

I-  2’ 


1^20^^021  ~  Thus  inelastic  collisions  of  the  second  kind  are  more 

important  for  than  for  H^.  Nevertheless  in  our  calculation  for  this  region 
we  have  taken  collisions  of  the  second  kind  into  account  for  both  gases.  Had 
the  calculations  been  performed  for  a  higher  gas  temperature,  higher  states 
would  have  had  to  be  considered. 
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The  effect  of  the  polarization  correction  can  be  seen  from  Fig.  1 

where  for  comparison  we  have  plotted  the  rotational  cross  sections  for  Hg 

25 

both  with  and  without  f^^.  We  have  used  the  same  magnitude  factor  to 

multiply  Q-  -  „  in  all  four  cases,  and  a  quadrupole  moment  of  0.^73  in 

d  +  c  ' 

fo.  The  polarization  correction  increases  the  effective  rotational  cross 
section  by  about  105^  near  threshold  and  near  the  onset  of  vibrational 
excitation  at  0.52  eV.  Fig.  2  displays  the  differences  in  the  rotational 
cross  sections  of  and  D^. 

As  in  I  the  influence  of  changes  in  elastic  and  inelastic  cross 

sections  is  evaluated  from  plots  of  v^/N  and  versus  6j^  in  eV  as  shown 

in  Figs.  3  and  k.  For  the  moment  we  are  concerned  only  with  the  region  of 

rotational  and  elastic  scattering,  i.e. , f  <C  0.08  eV.  Fig.  3  exhibits  plots 

of  Vjjj/N  and  v^/N  for  Hg  both  with  and  without  the  polarization  correction, 

and  for  several  values  of  similar  plots  for  Dg  are  shown  in  Fig.  4.  Our 

calculations  are  shown  as  points,  whereas  the  smooth  curves  represent  an 

4 

average  of  the  best  available  experimental  data  . 

In  order  to  demonstrate  the  effect  of  f^,  we  show  in  Fig.  3  the 
results  of  calculations  for  three  distinct  cases; 

(i)  .473,  Mp  =  1.73,  fp  =  1.0, 

(ii)  2=  •‘^73,  =  1.54,  fp  (£)>1.0, 

(iii)2,  =  =  1.0,  fj^  (6)>1.0. 

For  all  three  cases  the  values  of  v^^/N  lie  close  to  the  experimental  curve j 
this  result  is  consistent  with  the  findings  of  I  where  it  was  concluded  that 
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in  Hg  relatively  small  changes  in  the  inelastic  collision  cross  sections  did 

not  alter  the  agreement  between  experimental  and  theoretical  values  of  V  /n. 

m 

This  conclusion  is  also  true  for  the  calculations  of  regions  B  and  C.  In 
the  case  of  the  v^/n  curve  we  obtain  good  agreement  between  theory  and  experiment 
for  cases  (i)  and  (ii);  in  fact  the  results  for  these  two  cases  are  virtually 
the  same  since  the  increase  in  case  (i)  of  the  rotational  cross  section  caused 
by  setting  =  1.73  is  offset  by  taking  f^  =  1.0.  On  the  other  hand  it  clearly 
does  not  suffice  to  use  the  polarization  correction  with  =  1.0  since  the 
points  of  case  (ii)  are  well  below  the  experimental  curve.  We  note  that  all 
three  cases  yield  the  same  result  in  the  near  thermal  region  where  rotational 
excitation  is  of  less  significance.  We  conclude  therefore  that  the  inclusion 
of  the  polarization  factor  reduces  the  error  in  the  effective  quadrupole  moment 
to  about  2%  but  that  the  remaining  discrepancy  is  outside  the  experimental 
error. 

In  the  case  of  we  also  choose  three  illustrative  cases  as  follows: 

(i)  S.=  .473,  =  1.73,  fp  =  1.0, 

(ii  )Si  =  .473,  Mr  =  1-T3,  fR  (^)  >  1.0, 

(iii  )2  =  .473,  Mj,  =  1.47,  fp  (e)  >  1.0. 

Here  we  have  used  the  same  value  for  the  effective  quadrupole  moment  as  for 
Presiraiably  the  correction  to  the  value  measured  by  Barnes,  Bray,  and  Ramsey 
for  nuclear  motion  will  be  somewhat  lower  than  for  H^.  Unfortunately  this 
correction  has  not  been  calculated.  We  do  not  show  the  v^/N  points  for  case  (ii) 
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slnce  they  almost  coincide  with  those  for  the  other  two  cases  shown.  In  any 
event  acceptable  agreement  is  achieved  in  all  three  cases  between  calculated 
and  experimental  values  of  v^/Nj  hence  we  conclude  that  our  assumption  of  the 
same  elastic  cross  section  for  both  and  in  this  region  is  justified  to 
a  large  extent.  Of  possibly  greater  interest  is  the  plot  from  which  it 
can  be  seen  that  cases  (i)  and  (iii)  give  much  the  same  result  for^j^'C  .02  eV; 
howeverj above  .02  eV  to  the  onset  of  vibrational  excitation  the  results  for 
case  (l)  seem  to  suffer  a  rather  disconserting  droop.  A  comparison  of  cases 
(li)  and  (ill)  reveals  that,  although  case  (li)  furnishes  a  slightly  better 
fit  in  the  near  thermal  region  (€jj<'.015  eV),  above  .015  eV  the  agreement  is 
unsatisfactory  compared  to  that  of  case  (iii)  which,  consequently,  we  consider 
to  be  the  best  solution. 

Our  final  comparison  for  this  region  is  in  terms  of  graphs  of  w  and 
versus  e/N  as  shown  in  Fig.  5  for  and  Fig.  6  for  Dg.  We  show  our  calcula¬ 

tions  as  smooth  curves,  i.e.,  cases  (i)  and  (ii)  for  Hg  and  case  (ill)  for  Dgj 
the  various  experimental  results  appear  as  points.  The  agreement  is  excellent 
for  Hg,  since  the  discrepancy  for  both  w  andfj^  is  less  than  In  the  case 

of  Dg  the  use  of  the  same  theory  for  rotational  excitation  and  the  same  momentum 
transfer  cross  section  as  for  Hg  leads  to  agreement  for  w  and  to  within  15^. 
This  residual  discrepancy  appears  to  arise  from  an  error  of  as  much  as  20^  in  the 
shape  of  the  theoretical  rotational  cross  section. 
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Region  B.  Vibration,  Rotation  and  Elastic  Scattering  (0.08^^  ^1.0  eV) 

When  6 exceeds  a  value  of  approximately  0.08  eV,  there  are  a 

sufficient  number  of  electrons  in  the  distribution  function  whose  energies 

exceed  the  threshold  for  vibrational  excitation  to  necessitate  considering 

vibrational  excitation  in  the  solution  of  Eq.  (2)  for  the  distribution  function. 

For  Hg  and  this  threshold  occurs  at  O.516  ani  O.36O  eV,  respectively. 

Because  in  this  region  6-^  ^  kT,  we  neglect  the  effect  of  inelastic  collisions 

of  the  second  kind,  and  consequently,  are  able  to  solve  the  Boltzmann  equation 

4  IQ 

by  the  method  of  backward  prolongation  ’ 

Figs.  1  and  2  show  the  cross  sections  ft^used  for  vibrational 

excitation.  For  this  region  of  6^^  we  are  able  to  determine  with  reasonable 

accuracy  the  rising  part  of  the  cross  section  for  vibrational  excitation  up 

to  approximately  4  eV  for  both  at  D^.  In  all  of  our  calculations  we  have 

assumed  that  only  the  first  vibrational  level  is  excited.  If  higher  levels 

are  excited  the  sum  of  the  vibrational  excitation  cross  sections  will  be  smaller 

than  our  Qy.  Fig.  1  shows  two  vibrational  cross  sections  for  which  we  have 

used  in  region  B.  The  first,  is  that  reported  in  I  and  was  constructed  so 

•55 

as  to  pass  through  the  experimental  results  of  Ramien  ;  the  second,  Qy^,, 
represents  our  final  value  and  gives  a  better  fit  to  experimental  data.  Below 
3  eV  Qyp  is  not  substantially  different  from  Qy^j  nevertheless  the  effect  of 
the  difference  is  determined  readily  by  our  analysis.  Fig.  2  displays  a 
comparison  of  the  vibrational  cross  sections  of  and  Dg.  Below  0.7  eV,  the 
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Dg  cross  section  is  greater  than  that  of  On  the  other  hand,  in  order 
to  obtain  good  agreement  between  experimental  and  theoretical  values  of 
v^/N,  it  has  been  necessary  above  0.7  eV  to  assign  a  cross  section 
approximately  20^6  greater  than  that  of  D^. 

In  performing  calculations  for  this  range  using  our  final 
vibrational  cross  sections  for  and  D^,  we  have  employed  values  of 
and  f^  corresponding  to  case  (ii)  of  and  case  (iii)  of  D^,  i.e., 
those  values  which  gave  the  best  fit  in  region  A,  The  calculations  done 
using  Qyj  assumed  the  same  rotational  cross  section  as  in  I,  i.e.,  case 
(i)  of  Eg.  Our  results  in  terms  of  the  v^/n  plots  are  shown  on  Fig.  3  for 
Eg  and  Fig.  4  for  Dg.  The  closeness  of  our  calculated  v^/n  points  to  the 
experimental  curves  for  the  two  Eg  and  the  one  Dg  vibrational  cross  sections 
Justifies  the  used.  The  effect  of  varying  the  vibrational  cross  section 
of  Eg  can  be  deduced  from  the  v^/n  plot  of  Fig.  3-  At  the  low  energy  end 
of  region  B,  viz.,  0.08<C.€j^<^  0.2  eV,  the  fit  has  been  improved  over  that  in 
I  primarily  because  of  the  introduction  of  the  polarization  correction  which 
causes  the  rotational  cross  section  to  increase  with  energy  rather  than 
approaching  an  asymptotic  limit.  On  the  other  hand  for  0.2<6„  <Cl.O  eV. 
the  v^/N  points  calculated  using  fall  approximately  10-15^  above  the 
curve  whereas  has  been  adjusted  to  give  as  good  a  fit  as  possible^^. 

A  similar  procedure  of  adjusting  the  Dg  vibrational  cross  section  to  maximize 
agreement  resulted  in  the  satisfactory  fit  of  the  v^/n  plot  in  Fig.  4.  The 
final  comparison  made  in  terms  of  w  and£j^  as  shown  in  Fig.  5  for  Eg  and 
Fig.  6  for  Dg  indicates  very  little  discrepancy. 
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Reglon  C.  Vibration,  Dissociation,  Electronic  Excitation, 

Ionization,  and  Elastic  Scattering  1.0  eV) 

Our  method  of  analysis  for  region  C,  the  highest  energy  regime 

considered,  is  substantially  different  from  that  used  for  regions  A  and  B, 

In  part,  this  different  approach  arises  from  the  lack  of  sufficiently 

reliable  experimental  values  of for  Thus^  an  effort  to  determine 

the  inelastic  cross  sections  in  this  energy  range  by  the  procedure  used  at 

lower  values  of  led  to  unreasonably  large  values  for  the  cross  sections 

and  to  ionization  coefficients  which  were  much  to  small.  Moreover,  in  the 

case  of  Dg  there  are  no  experimental  results  for  these  two  transport 

coefficients.  Fortunately,  there  have  been  reported  a  number  of  experimental 

determinations  of  a^,  the  Townsend  primary  ionization  coefficient.  The 

principle  drawback  to  using  only  to  determine  cross  sections  is  that  no 

separation  is  achieved  between  elastic  and  inelastic  effects.  Consequently, 

the  inelastic  cross  sections  we  have  derived  are  dependent  on  the  employed. 

Shown  in  Figs.  2  and  7  are  the  curves  representing  our  final  values 

of  the  collision  cross  sections.  The  cross  section  for  momentum  transfer 

0 

collisions  has  been  taken  from  the  results  of  Erode  .  The  ionization  cross 

9 

section  is  the  same  as  that  reported  by  Tate  and  Smith  .  The  only  direct 

measurement  of  electronic  excitation  cross  sections  for  is  that  of  Ramien^^ 

for  energies  between  8,85  and  12  eV,  This  cross  section  is  presumably  that 

for  excitation  of  the  state  which  results  in  dissociation  of  the  hydrogen 

37 

molecule  .  One  expects  the  excitation  of  higher  electronic  states  of  to 
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begin  at  about  11.5  eV  and  to  include  cross  sections  of  both  triplet  and 

2  38 

singlet  character  ’  ;  i.e.,  cross  sections  which  rise  rapidly  near  threshold 

and  decrease  rapidly  at  energies  beyond  the  maximum  and  cross  sections  which 

rise  slowly  with  energy  to  a  peak  near  that  of  the  ionization  cross  section. 

If  the  gEiS  density  is  not  too  high  the  triplet  states  will  radiate  to  the 

b^  state  and  the  molecule  will  dissociate  whereas  the  singlet  states  will 

^  u 

radiate  to  the  ground  state.  We  have  chosen  to  approximate  the  electronic 

excitation  cross  sections  by  two  cross  sections,  a  dissociation  cross  section 

with  a  threshold  and  an  energy  loss  of  8.85  eV  and  an  "photon"  excitation 

39 

cross  section  with  a  threshold  and  energy  loss  of  12  eV.  The  dissociation 

35 

cross  section,  which  agrees  in  magnitude  with  that  of  Ramien'^'^  near  threshold 
and  in  shape  with  that  of  Massey  and  Mdhr^^,  was  left  constant  throughout  this 
calculation.  The  photon  excitation  cross  section  with  a  threshold  at  12  eV 
and  the  vibrational  excitation  cross  sections  were  adjusted  to  give  agreement 
between  the  calculated  and  experimental  ionization  coefficients.  This  assumption 
is  arbitrary  and  means  that  unless  we  were  fortunate  enough  to  choose  the  correct 
dissociation  cross  section  at  energies  alone  12  eV,  only  a  weighted  sum  of  our 
electronic  excitation  cross  sections, is  to  be  compared  with,  for  example,  the 
results  of  electron  beam  experiments.  In  any  case,  we  do  not  expect  the  falling 
portions  of  our  excitation  cross  sections  to  be  as  accurate  as  the  rising  portions, 
and  so  have  not  concerned  ourselves  with  requiring  that  and  ft  be  consistent, 

38 

with  theory  at  high  energies,  e.g. ,  above  30  eV,  In  spite  of  these  uncertainities 
in  the  detailed  cross  sections,  we  believe  that  the  combined  electronic  cross 
section  derived  in  this  section  facilitates  a  much  more  accurate  evaluation  of 
electron  transport  coefficients  than  was  previously^^"^^  possible. 
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Our  procedure  in  deriving  the  cross  sections  for  this  region  was, 
first  of  all,  to  obtain  as  good  a  fit  as  possible  between  the  experimental 
and  calculated  values  of  a^/N  for  by  adjusting  only  the  Q,,,  and  Qp  curves 
so  as  not  to  alter  the  situation  in  region  B.  Then  following  the  suggestion 
of  Rose^,  we  varied  only  thfe  vibrational  excitation  cross  section^^  of  D^, 
and  were  successful  in  obtaining  satisfactory  agreement  between  experimental 
and  calculated  values  of  a^.  Had  we  allowed  and  to  have  different 
dissociation  and  photon  excitation  cross  sections,  we  should  have  been  able 
to  derive  a  bewildering  multiplicity  of  cross  sections  for  D^,  all  of  which 
would  give  comparable  agreement  between  theory  and  experiment. 

Two  other  assumptions  inherent  to  our  analysis  can  conceivably 
cause  significant  errors.  The  first  is  that  we  neglect  the  presence  of  the 
extra  electron  which  is  produced  in  the  ionization  process.  In  order  to 
minimize  this  error,  we  have  limited  our  calculations  to  values  of  E/N  for 
less  than  approximately  10^  of  the  total  energy  input  from  the  field  to 
the  electrons  was  dissipated  in  the  ionization  process.  An  approximate 
analysis  of  the  magnitude  of  the  terms  neglected  in  the  Boltzmann  equation 
analysis  indicates  that  as  long  as  e/n  is  so  restricted  the  error  should  not 
be  important.  Another  cause  of  possible  error  has  been  investigated  recently 

\tO 

by  Baraff  and  Buchsbaum  (BB)  who  have  studied  the  departure  of  the  electron 
distribution  function  from  spherical  symmetry  for  high  E/N.  Our  approach  and 
in  particular  Eq.  (2)  is  based  on  the  Lorentz  approximation^  which  assumes  that 
f  can  be  represented  adequately  be  a  two  term  expansion  in  spherical  harmonics; 
i.e.,  the  distribution  function  is  not  far  from  being  spherically  symmetric. 

The  essential  conclusion  of  the  BB  analysis  as  it  affects  our  approach  is  that 
below  an  E/n  of  approximately  I.5  x  10 volt-cm^  the  Lorentz  approximation 
is  valid.  Quite  fortuitously  this  value  of  E/n  was  the  one  we  adopted  as  an 
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upper  bound  In  order  to  keep  the  power  ddselpated  in  the  lonliatlon  process 

from  exceeding  of  the  total. 

Our  calculated  values  of  a^/N  for  both  and  are  shown  in 

Fig.  8  as  smooth  curves.  The  agreement  with  the  experimental  data  of  Rose^ 
29 

and  Frommhold  is  excellent.  Also  shown  in  Fig.  8  is  a  comparison  of  our 

43 

calculated  values  of  the  total  electronic  excitation  coefficient  a  /n  and 

6' 

kk 

the  experimental  values  of  Poole  for  the  dissociation  coefficient  oi^/N.  In 
this  figure  we  have  plotted  the  calculated  total  electronic  excitauion 
coefficient  rather  than  the  dissociation  coefficient  to  emphasize  the  fact 
that  we  do  not  claim  to  have  separated  the  effects  of  dissociation  and  higher 
state  excitation.  The  comparison  we  have  made  is  valid  in  the  range  of  E/U 
of  Fig.  8  since  Corrigan  and  von  Engel^^  have  shown  that  the  photon  excitation 
coefficient  is  only  about  30^  of  the  dissociation  coefficient.  Our  calculated 
"photon"  excitation  coefficient  is  about  IQffi  of  the  calculated  values  of 
at  E/N  7  X  10  V-cm^.  The  relatively  large  experimental  photon  excitation 
coefficient,  which  was  overlooked  at  the  time  of  our  calculations,  and  the 
unusual  shape  i.e.,  the  prolonged  very  small  cross  section  near  threshold  of 
the  curve  of  Fig.  9^  are  the  basis  of  our  emphasis  on  the  "total"  excitation 
cross  section  and  rates  rather  than  the  separate  dissociation  and  photon 
contributions . 

The  sensitivity  of  this  method  of  determining  cross  sections  is 
illustrated  by  Fig.  10  where  the  results  of  four  cases  using  different  com¬ 
binations  of  and  Qp  for  Hg  are  plotted.  The  ionization  coefficient  ratio 

is  the  ratio  of  the  calculated  value  of  a^/N  to  the  experimental  one  of 
Rose  at  the  same  value  of  E/N.  The  trial  value  of  the  vibrational 
excitation  cross  section  differs  from  the  final  value  only  above  3  eV 
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(see  Fig.  l);  the  former  exceeds  the  latter  by  about  7^  at  the  peak  which 
occurs  at  4.5  eV.  As  shown  in  Fig.  9,  the  trial  value  of  the  electronic 
excitation  cross  section  is  less  than  the  final  value  at  all  energiesj 
the  latter  exceeds  the  former  by  about  35?^  at  the  peak  which  occurs  33.0  eV. 

is  a  photon  excitation  cross  section  which  is  identically  zero  for  all 
electron  energies. 

The  results  of  case  (i)  are  much  too  high.  However  by  increasing 
the  photon  excitation  cross  section  from  zero  to  we  improve  this  situa¬ 

tion  considerably  although  the  discrepancy  in  at  high  E/N  is  still  quite 
large.  Case  (iii)  illustrates  that  decreasing  the  cross  section  for  vibrational 
excitation  from  'fco  4.^  Improves  the  shape  of  the  calculated  curve  by  making 
the  fractional  error  nearly  constant.  Moreover,  the  shift  in  the  calculated 
points  caused  by  changing  but  not  indicates  that  CK^/n  is  rather  sensitive 
to  Qy  at  lower  values  of  E/n  but  not  at  higher  ones.  The  final  adjustment  made 
by  using  instead  of  results  in  excellent  agreement  with  a  maximum 
discrepancy  of  about  5^.  A  similar  procedure  was  followed  for  Dg  with  the 
exception  that  was  held  constant  at  the  value  and  was  varied  in 
such  a  way  as  to  minimize  the  discrepancy  and  not  to  perturb  the  fit  in  region 
B.  In  the  case  of  we  were  able  to  fit  the  experimental  Ct^/N  values  to  within 
about  15^t. 

The  relative  importance  of  the  various  energy  loss  processes  in  region  C 
is  elaborated  somewhat  further  in  Fig.  11,  where  we  plot  the  ratio  of  the  power 
input  dissipated  by  a  process  to  the  total  power  given  by  the  field  to  the 
electrons.  Thus  and  are  respectively  the  fractional  power  input 
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values  for  elastic  scattering,  vibrational  excitation,  and  ionization;  P 

is  the  sum  of  the  fractional  power  input  values  to  dissociation  and  photon 

excitation.  First  of  all  we  note  that  ^  and  for  are  greater  than 

the  corresponding  quantities  for  whereas  the  converse  is  true  for  P  and 

P^.  We  would  expect  ^  to  be  smaller  for  because  the  molecular  mass  of 

Dg  is  twice  as  great  as  that  of  i.e.,  the  2m/M  factor  before  the  second 

term  of  Eq.  (2)  is  reduced.  Similarly  P^  for  is  smaller  partly  because 

of  the  smaller  threshold  energy  of  O.36  eV,  and  partly  because  of  the  smaller 

Dg  cross  section  for  vibrational  excitation.  Finally,  we  note  that  P^  is 

much  greater  than  P^  at  the  lowest  values  of  E/N,  whereas  at  the  highest 

values  Pg  exceeds  P^  but  not  by  a  considerable  factor.  Consequently,  vibrational 

excitation  is  important  over  this  entire  range  of  E/n  in  determining  a^/N. 

45 

This  is  contrary  to  the  conclusion  reached  by  Allis  and  Brown  '  but  consistent 

Uo  1 9 

with  that  of  Rose  and  Eeylen  and  Lawis'''^^. 

In  contrast  to  the  very  satisfactory  agreement  obtained  for  CK^/n, 
the  plots  of  v^/n  and  v^/n  for  E^  exhibit  some  very  definite  discrepancies. 

In  the  case  of  the  v^/n  curve  our  computed  points  are  well  below  the  experimental 
curve.  Calculations  have  been  performed  wherein  it  was  attempted  to  obtain  a 
better  fit  to  the  v^/n  curve  by  increasing  However,  it  became  apparent 

that  an  increased  would  preclude  entirely  the  possibility  of  agreement  in 
the  case  of  Ct^/N,  and  as  a  result,  such  an  approach  was  abandoned.  This 
discrepancy  in  v^/n  is  also  evident  in  the6j^  plot  of  Fig.  5  for  where  for 
€j^>L5  eV  our  calculated  curve  lies  significantly  above  the  experimental  points. 
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In  the  case  of  V  /N  the  discrepancy  is  small  up  to =  2.0. eV,  but  for 

m  iv 

greater  values  of  6^,  the  experimental  curve  actually  starts  to  drop,  whereas 
the  calculated  points  are  almost  constant.  This  result  appears  to  argue  for 
a  smaller  at  high  energies  which  in  turn  would  tend  to  increase  our  inelastic 
cross  sections  obtained  by  requiring  agreement  between  experimental  and 
theoretical  values  of  OC^/N.  In  the  absence  of  adequate  data  we  have  been 
reluctant  to  decrease  Our  calculations  in  region  C  of  w,  and 

v^/N  for  Dg  are  shown  in  Figs.  4  and  6,  although  no  experimental  results  are 
available  at  this  time. 

Now  that  we  have  obtained  a  fit  between  the  experimental  and  computed 
ionization  coefficients,  it  is  pertinent  to  ask  in  what  way  our  result  in 
region  C  represents  an  improvement  over  previous  results.  First,  we  will  compare 
our  results  with  those  of  Lunt  and  Meek^^,  These  authors  were  able  to  obtain 
a  satisfactory,  although  not  extremely  good,  fit  to  the  available  ionization 
coefficient  data  using  a  Maxwellian  distribution  of  electron  energies  and 
the  measured  values  of  6„,  Our  claim  is  that  the  erronously  small  experimental 

iv 

30 

values  of  £„  due  to  Townsend  and  Bailey^  were  sufficient  to  compensate  for  the 
iv 

relatively  large  number  of  high  energy  electrons  in  a  Maxwellian  energy  distribu¬ 
tion,  so  as  to  give  approximately  the  correct  ionization  coefficient.  This 
effect  is  illustrated  in  Fig.  12  where  we  have  shown  our  calculated  f  and  the 

Maxwellian  f  for  an  E/N  =  9  x  lO”^^  V-cm^.  The  ck^/N  values  are  1.9  x  10  cm^ 
-l8  2 

and  2.2  X  10  cm  for  the  exact  and  Maxwellian  distributions,  respectively. 

This  is  rather  close  when  one  considers  the  rather  different  values  of  £^. 

iv 
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Our  results  in  region  C  differ  considerably  from  those  of  Heylen 
and  Lewis  because  we  have  not  forced  the  computed  values  of  to  agree 

with  the  experimental  data.  The  net  effect  of  this  is  that  our  momentum 
transfer  and  ele'ctronic  excitation  cross  sections  are  considerably  larger 
than  their  values  and  in  agreement  with  the  more  direct  measurements  of  the 
cross  section,  It  should  be  pointed  out  that  the  microwave  data  of  Varnerin 
and  Brown**^  lend  support  to  our  belief  that  the  6^^  values  of  Townsend  and 
Bailey  are  too  small. 

IV.  TOMSPORT  COEFFICIENTS  FOR  AC  ELECTRIC  FIELDS  AND  CROSSED 
ELECTRIC  AND  MAGNETIC  FIELDS 

In  order  to  obtain  an  additional  check  on  the  cross  sections  derived 
from  data  obtained  with  a  uniform  dc  electric  field  and  no  magnetic  field 
present,  transport  coefficients  have  been  calculated  for  two  additional 
configurations: 

A.  crossed  electric  and  magnetic  fields,  i.e.,J2=  in  Eq.  (4). 

B.  ac  electric  fields,  i.e.,JI=  to. 

In  the  first  case  a  comparison  can  be  made  with  the  experimental  results  of 

1-3 

Bernstein  and  the  theoretical  ones  for  high  magnetic  fields  of  Pearson  and 
l4 

Kunkel  .  In  the  second  case  the  microwave  conductivity  measurements  by 
47 

Bekefi  and  Brown  ,  and  the  recent  microwave  breakdown  measurements  of  Cottingham 
13 

and  Buchsbaura  (CB)  are  available. 

The  comparison  is  facilitated  by  the  definition  of  an  energy  Independent 
effective  electric  fleld^  given  by 


-28- 


=  E  (1  +  (25) 

where  is  some  effective  collision  frequency.  We  use  here  merely  for 
the  sake  of  convenience  in  plotting  results  since  we  do  not  assume  the  freq¬ 
uency  of  momentum  transfer  collisions,  vq^n,  to  be  independent  of  electron  energy 
The  actual  calculation  of  transport  coefficients  is  accomplished  using  the  more 
rigorous  Eq.  (4).  However,  for  and  in  the  region  above  2  eV  it  is  a 
reasonably  good  approximation  to  say  that  or  )  =  const. 

From  Fig.  3  it  is  seen  that  above  3  eV  our  calculated  value  of  V  /n  is  almost 
constant  at  1.68  x  10  cm^-sec  This  is  the  value  of  v^/n  we  have  adopted 
for  insertion  into  Eq.  (23),  since  it  is  consistent  with  the  cross  sections  we 
have  derived  and  is  in  good  agreement  with  the  value  used  in  previous  analyses^. 
Cottingham  and  Buchsbaum^^  believe  a  value  of  v^/n  =  I.36  x  lO”'^  cm^-sec"^  is  a 
better  one,  because  when  used  in  Eq.  (23)  it  leads  to  slightly  better  agreement 
between  their  ac  data  and  the  dc  results  of  Rose^. 

The  comparison  of  calculated  and  experimental  values  of  the  mobility 
and  diffusion  coefficients  for  Hg  and  at  high  magnetic  fields  is  shown  in 
Fig.  13  as  a  plot  of  (<u^/n)(w^/wj^)  and  DN  versus  E/Jl,  where  Jl=  oo^or  cjo.  The 
plots  are  independent  of  oj^/n  since  the  experimental  conditions  were  such 
(w^/w_|_)  «l.  The  agreement  between  the  experimental  and  calculated 
values  of  (a)^/N)(w^/wj_)  and  DK  is  reasonably  good  for  both  and  D^.  Now  the 
ratio  of  the  real  to  imaginary  part  of  the  high  frequency  conductivity^^, 
given  by  the  same  integrals  as  used  to  evaluate  w^/v^  if 
is  replaced  by  w.  We  therefore  expect  values  of  (a3/N)(  V^/  V^)  versus  E/co  for 
(  V*^/  «  1  to  coincide  with  the  values  of  (a^/N)(w„/wj_)  vs.  E/tu^  in  Fig.  I3. 
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However,  we  see  that  the  experimental  microwave  data  are  from  30  to  SOX 
higher  than  the  high  magnetic  field  data  or  the  calculated  values.  The  source 
of  this  discrepancy  is  unknown. 

The  most  convenient  way  to  compare  ionization  coefficients  for 

various  experimental  arrangements  is  to  reduce  the  results  to  the  ionization 

frequency  The  theoretical  ionization  frequency  is  calculated  using  Eq.  (10). 

The  ionization  frequency  for  the  crossed  electric  and  magnetic  field  experiments 

13 

is  obtained  by  multiplying  the  values  measured  by  Bernstein  by  the  electron 
drift  velocity  in  the  direction  of  the  electric  field,  i.e.,  the  transverse  drift 

velocity,  w^.  The  transverse  drift  velocity  is  used  in  this  case  rather  than  the 

/  2  2” 

net  drift  velocity,  /  w^  +  w  ,  since  the  distance  used  to  calculate  the  experi¬ 
mental  a^'s  is  in  the  direction  of  the  electric  field.  In  the  ac  case  we  compare 
directly  with  the  measured  ionization  growth  constants  or  frequency.  ‘  The  simplicity 
in  the  comparison  between  the  theoretical  and  experimental  data  for  the  ac  case 
would  no  longer  exist  if  we  had  made  our  coaiparison  of  ionization  coefficients 
using  the  Townsend  a  coefficients,  since  it  would  be  necessary  then  to  define  an 
effective  drift  velocity. 

Fig.  14  displays  plots  of  Vj^/N  for  H2  for  both  configurations  A  and 

B.  The  solid  line  represents  our  results  for  only  a  dc  electric  field  present, 

40 

and  as  shown  in  Fig.  8,  agrees  quite  well  with  the  results  of  Rose  .  In  the 

case  of  an  ac  electric  field  present,  shown  are  the  results  of  Cottlngham  and 
13 

Buchsbaiim  ,  and  our  calculations  which  were  done  for  the  same  pressure,  micro- 


wave  frequency,  and  electric  field  as  the  CB  experiment.  There  is  virtually  no 
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discrepancy  between  our  calculated  points  for  this  case  and  the  solid  line. 

Within  the  scatter  of  the  experimental  data  the  CB  results  show  little 
departure  from  the  solid  curve,  although  their  data  can  be  brought  into 
slightly  better  agreement  with  that  of  Rose  if  v^/n  =  I.36  x  lo"'^  cm^-sec'^ 
is  used  instead.  However,  had  we  used  the  lower  value  of  v  /N  in  Eq.  (23), 
then  our  ac  results  would  fall  approximately  2(yf>  above  the  dc  curve,  and 
our  a^/N  data  would  be  even  higher.  This  illustrates  the  necessity  for 

consistency  between  the  data  used  in  both  the  theoretical  and  experimental 
analyses^^. 

Greater  and  more  significant  discrepancies  are  present  for  the 
situation  of  crossed  electric  and  magnetic  fields.  On  the  one  hand  our 
calculated  results  for  three  non-zero  values  of  cc^/N  shown  are  within 
of  the  curve  f or  .o^/N  =  0.  On  the  other  hand  although  Bernstein's  experi¬ 
mental  values  for  a>^/N  =  0  also  agree  with  those  of  Rose,  his  results  for 
non-zero  magnetic  field  fall  distressingly  far  from  the  curve,  and  therefore 
his  findings  are  open  to  question.  Further  evidence  for  questioning  Bernstein's 
results  is  provided  by  recent  calculations  by  Pearson  and  Kunkel^^  of  a  for 
electrons  in  subjected  to  high  magnetic  fields,  e.g.,  oc^/n  =  2.1  x  lO^cm^-sec'l 
The  method  of  Pearson  and  Kunkel  is  somewhat  different  fran  ours  since  they 
perform  their  analysis  for  a  drift  frame  of  reference  moving  with  a  velocity 
^  x^.  By  using  cross  sections  similar  to  ours  Pearson  and  Kunkel  obtain 
rcsul'ts  which  are  almost  identical  to  ours. 

The  results  shown  in  Fig.  l4  indicate  that  there  is  a  slight  shift 
of  the  calculated  v^/n  results  towards  lower  values  with  increasing  _/7/n.  For 
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the  conditions  of  CB,  oj'^  0.72  and  our  computed  points  fall  right  on  the 
curve.  However  with  increasing  il  the  results  are  depressed  as  is  shown  by 
the  three  cases  of  oj^/n  plotted.  Although  f  3  trend  did  not  create  discrepancies 
greater  than  5^,  it  does  question  mildly  ti  concept  of  the  energy  independent 
effective  field.  In  a  sense  a  degeneracy  exists  since  one  value  of  E  /N  gives 
rise  to  more  than  one  value  of  v^/N. 

V.  DISCUSSION  AND  SUMMARY 

By  means  of  the  analysis  discussed  in  previous  sections  we  have 
derived  a  set  of  momentum  transfer  and  inelastic  scattering  cross  sections  for 
electrons  in  Hg  and  Dg.  These  cross  sections  are  consistent  with  most  of  the 
available  experimental  data  on  electron  transport  coefficients.  The  assumption 
of  the  same  for  Hg  and  Dg  has  been  shown  to  be  valid.  As  an  aid  to  obtaining 
an  overall  view  of  our  calculations  we  present  in  Fig.  I5  plots  of  the  fractional 
power  input  for  various  energy  loss  processes  in  Hg.  Since  the  calculations 
shown  are  for  T  =  77°K  in  regions  A  and  B,  it  is  necessary  to  exhibit  only 
the  curves  for  electron  energy  loss  in  excitation  of  the  first  two  rotational 
states,  viz.,  and  The  cross  sections  for  electron  energy  gain  by 

<^®-cxcitation  of  the  rotationally  excited  molecules  are  so  small  that  inelastic 
collisions  of  the  second  kind  do  not  make  a  significant  contribution  to  the 
energy  balance  as  given  in  Eq.  (9).  In  addition,  it  is  worth  noting  that  for 
a  given  gas  temperature  thermal  effects  do  not  play  an  important  role  for 
£j^>  10  kT.  Hence  in  region  C  we  have  set  T  =  300°K,  a  temperature  which  is 
close  to  but  not  exactly  that  used  in  experiments. 
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Whereas  for  equally  good  agreement  is  obtained  both  with  and 
without  the  polarization  correction  of  Dalgarno  and  Moffet,  for  the  use 
of  fo  definitely  improves  the  shape  of  the  v  /N  curve  such  that  tolerably 

n  U 

good  agreement  is  obtained.  Nevertheless  residual  discrepancies  in  the 
v^/N  curve  imply  that  an  error  as  large  as  20^  may  exist  in  the  shape  of 
the  theoretical  rotational  cross  sections.  In  addition,  in  both  and 
we  are  left  with  a  discrepancy  of  about  25^  between  the  effective  quadrupole 
moment  required  to  fit  transport  coefficient  data  and  the  values  available 
from  other  experiments^^^^. 

The  magnitude  of  the  fractional  power  input  to  elastic  collisions 

compared  with  that  to  inelastic  collisions  is  delineated  for  in  Fig.  15. 

We  see  that  only  at  very  low  electron  energies  can  rotational  excitation  be 

neglected;  even  at  =  .01  eV,  is  a  third  as  large  as  P  .  The  P^ 

curve  also  displays  two  very  interesting  humps.  The  first  hump  peaks  in  the 

vicinity  of  =  0*2  eV,  since  this  is  a  region  where  Pj^^  and  Pj^^  ^^e  decreasing 

rapidly  and  P^  is  not  yet  sufficiently  large.  The  second  hump  is  much  less 

pronounced  and  occurs  at  approximately  1.5  eV  where  Py  is  decreasing  and  P^, 

P^,  and  Pj^  are  Increasing  quickly. 

The  vibrational  cross  section  derived  for  is  greater  than  that 

for  above  0.7  eV;  the  reverse  is  true  below  0.7  eV.  Although  the  differences 

between  the  Qy  derived  for  in  this  analysis  and  that  previously  postulated 

k 

by  Frost  and  Phelps  are  not  large,  it  has  been  possible  to  detect  them, 
expeclally  in  region  B  where  vibrational  excitation  tends  to  dominate  the 


picture. 
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In  region  C  we  have  obtained  the  falling  part  of  the  cross  section 
for  vibrational  excitation  and  the  cross  section  for  electronic  excitation  by 
comparing  calculated  and  experimental  values  of  the  ionization  coefficient, 
and  assuming  the  same  and  for  and  D^.  Despite  the  fact  that  there  is 
evidence  for  believing  that  the  used  may  be  too  large  at  high  energies,  we 
have  been  reluctant  to  seek  a  better  fit  for  lack  of  sufficiently  accurate  ^ 

K 

data.  Since  at  1.0  eV  and  only  .011  and  .029  and  are  decreasing 

precipitously,  we  consider  the  neglect  of  rotational  excitation  a  Justifiable 
assumption. 

Finally  we  remark  that  our  cross  sections  are  consistent  for  the 

I'?  il).  i^2 

most  part  with  recent  determinations  >  of  transport  coefficients  for 
electrons  subjected  to  high  frequency  ac  electrical  fields,  and  crossed  dc 
electric  and  magnetic  fields.  However,  the  concept  of  the  energy  independent 
effective  field  should  be  used  with  some  caution  since  there  exists  a  lack  of 
uniqueness,  viz.,  for  differing -/I/n  but  the  same  effective  field  a  slight 
spread  is  obtained  in  the  calculated  values  of  V^/n. 
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figure  CAPTIONS 

Fig.  1  Momentum  transfer,  rotational  excitation,  and  vibrational  excitation 
cross  sections  for  electrons  in  Hg  as  a  fianctlon  of  electron  energy. 

is  the  momentum  transfer  cross  section  and  is  the  same  as  that 
previously  derived  by  Frost  and  Phelps.  The  rotational  cross  sections 
are  for  77°K  and  inelastic  collisions  of  the  first  klndj  the  solid 
lines  indicate  the  rotational  cross  sections  calculated  based  on  the 
theory  of  Ger juoy  and  Stein,  and  the  dashed  lines  show  the  effect  of 
multiplying  by  the  polarization  factor  fj^  of  Dalgarno  and  Moffet.  The 
final  value  of  the  vibrational  cross  section  is  shown  by  the  solid 
line,  whereas  the  dot-dash  curve  shows  the  vibrational  cross  section 
Qyj  reported  previously  by  Frost  and  Phelps.  The  dotted  vibrational 
cross  section  is  used  to  Illustrate  the  effect  on  the  ionization 
coefficient  of  varying  the  vibrational  cross  section. 

Fig.  2  Momentum  transfer,  rotational  excitation,  and  vibrational  excitation 
cross  sections  for  electrons  in  Hg  and  Dg  as  a  function  of  electron 
energy.  The  same  momentum  transfer  cross  section  is  used  for  both 
Hg  and  Dg.  Shown  are  the  cross  sections  for  rotational  excitation  at 
77°K  which  Include  the  polarization  factor  Dalgarno  and  Moffet. 

Fig.  3  Elastic  collision  v^/n  and  energy  exchange  v^/N  frequencies  for  Hg  at 

77°K  plotted  against  the  characteristic  energy  £  .  The  points  represent 
an  average  of  the  best  available  experimental  data.  In  the  region  where 
6j^  <  .08  eV  we  show  results  for  three  combinations  of  the  quadrupole 


momentoc,  the  magnitude  factor  JL,  and  the  polarization  factor  f  .  The 
first  two  cases  yield  identical  values.  In  the  region  where  vibration, 
rotation,  and  elastic  scattering  are  considered,  we  have  plotted  results 
obtained  using  our  final  vibrational  cross  section  and  the  one 
previously  reported  by  Frost  and  Phelps.  For  6„>  1.0  eV  we  take  into 

iv 

consideration  ionization,  photon  excitation,  dissociation,  vibration, 
and  elastic  scattering  but  neglect  rotation. 

Fig.  4  Elastic  collision  and  energy  exchange  frequencies  for  at  77°K  plotted 
against  in  eV.  As  in  Fig.  3  the  points  represent  our  theoretical 
calculations  and  the  smooth  curves  are  an  average  of  the  best  available 
experimental  data.  Above  =  1.0  eV  the  dashed  curves  represent  calcu¬ 
lated  results  since  no  experimental  data  is  available  for  this  region. 

Fig.  5  Drift  velocity  w  and  characteristic  energy  6 for  at  77°K  as  a 

function  of  E/n.  The  points  represent  experimental  results  and  the 

smooth  curves  our  computations.  The  calculated  w  and  6  curves  were 

K 

obtained  using  2,=  .473,  Mp  =  1.5^,  and  f^^  (£);>  i.o. 

Fig.  6  Drift  velocity  and  characteristic  energy  for  D^  at  77°K  as  a  function  of 
E/N.  The  points  represent  experimental  results  and  the  smooth  curves 
our  computations.  The  calculated  w  and  curves  were  obtained  using 
2.  =  .473,  Mp  =  1.47,  and  f^  (£)  ^  l.o. 

Fig.  7  Momentum  transfer,  dissociation,  photon  excitation,  and  ionization  cross 
sections  for  electrons  in  both  Hg  and  Dg  as  a  function  of  electron  energy. 

Fig.  8  Ionization  coefficient  C^/n  for  E^  and  D^  and  electronic  excitation 

coefficient  o^/N  for  as  a  function  of  E/N.  The  theoretical  results 
are  shown  as  smooth  curves  and  the  experimental  ones  as  points. 
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Flg.  9  A  trial  value  and  the  final  value  Q^p  of  the  photon  excitation 
cross  section  for  plotted  against  electron  energy. 

Fig.  10  The  ionization  coefficient  ratio  for  as  a  function  of  E/n  for 

various  combinations  of  vibrational  and  photon  excitation  cross  sections. 
Qyj  and  Qyj  are  shown  in  Fig.  1,  vdiereasftpj  and  are  plotted  in  Fig.  9. 
OpQ  is  a  photon  excitation  cross  section  which  is  zero  at  all  energies. 
Fig.  11  Fractional  power  input  to  elastic  and  inelastic  collisions  for  and 

D2  as.  a  function  of  E/n  for  e^>  1.0  eV.  ^  ,  P^,  P^,  and  P^  are  the 
fractional  power  inputs  to  elastic  scattering,  vibrational  excitation, 
electronic  excitation,  and  ionization  respectively.  The  ^  term 
representing  elastic  collisions  is  the  difference  between  the  energy 
loss  and  energy  gain  terms,  i.e.,  the  first  integral  on  the  right  hand 
side  of  Eq.  (9). 

12  Comparison  of  distribution  functions  of  electrons  in  H  for  E/n  =  9.0  x 

-I6  2  ^ 

10  V-cra  .  The  solid  curve  represents  the  results  of  our  calculations 

from  which  we  obtain  6^^  =  3.24  eV.  The  dashed  curve  is  the  Maxwellian 
kT  r 

distribution  for  —  =  =  2.40  eV,  the  value  reported  by  Townsend  and 

Bailey  (reference  30)  and  used  by  Lunt  and  Meek  in  their  calculations 
(reference  10). 

Fig.  13  Parallel  diffusion  coefficient  DN,  magnetic  drift  velocity  ratio 
(«\,/n)(w.j,/wj^),  and  conductivity  ratio  for  and  D^. 

Our  calculations  are  shown  as  a  solid  curve  for  and  a  dashed  curve 
for  D2*  Bernstein's  experimental  results  for  and  are  shown  as 
open  points  and  those  of  Bekefi  and  Brown  for  only  as  solid  points. 
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Fig.  14  Ionization  frequency  a^/N  for  as  a  function  of  the  energy  independent 
effective  field  E^/N.  The  solid  curve  represents  our  dc  results  which 
agree  very  well  with  those  of  Rose.  The  open  inverted  triangles  repre¬ 
sent  the  results  of  our  calculations  at  the  same  E/N  and  cu/N  as  the 
solid  inverted  triangeles  which  show  the  experimental  results  of 
Cottingham  and  Buchsbaum.  The  remaining  points  refer  to  calculations 
and  experiments  in  crossed  electric  and  magnetic  fields. 

Fig.  15  Fractional  power  input  to  elastic  and  inelastic  collisions  for  as 
a  function  of  the  characteristic  energy  which  varies  through 
regions  A,  B,  and  C.  ^  ^ve  the  same  meaning  as  in 

Fig.  13;  and  are  the  power  inputs  at  77°K  to  the  first  two 
rotational  levels  neglecting  inelastic  collisions  of  the  second  kind. 


For  complete  figure  captions  see  Page  39 
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